Mixed spin-1/2 and spin-1 Ising ferrimagnets on a triangular lattice with sublattices A, B and C are studied for two spin value distributions (S A , S B , S C ) = (1/2, 1/2, 1) and (1/2, 1, 1) by Monte Carlo simulations. The non-bipartite character of the lattice induces geometrical frustration in both systems, which leads to the critical behavior rather different from their ferromagnetic counterparts. We confirm second-order phase transitions belonging to the standard Ising universality class occurring at higher temperatures, however, in both models these change at tricritical points (TCP) to first-order transitions at lower temperatures. In the model (1/2, 1/2, 1), TCP occurs on the boundary between paramagnetic and ferrimagnetic (±1/2, ±1/2, ∓1) phases. The boundary between two ferrimagnetic phases (±1/2, ±1/2, ∓1) and (±1/2, ∓1/2, 0) at lower temperatures is always first order and it is joined by a line of second-order phase transitions between the paramagnetic and the ferrimagnetic (±1/2, ∓1/2, 0) phases at a critical endpoint. The tricritical behavior is also confirmed in the model (1/2, 1, 1) on the boundary between the paramagnetic and ferrimagnetic (0, ±1, ∓1) phases.
I. INTRODUCTION
Mixed-spin Ising systems have been mostly investigated as possible models of some types of ferrimagnetic and molecular-based magnetic materials. The used approaches include an exact treatment in special cases [1] [2] [3] [4] [5] , mean-field approximation 6, 7 , effective-field theory with correlations [8] [9] [10] [11] [12] [13] [14] , Monte Carlo simulations [15] [16] [17] [18] [19] [20] [21] [22] and some other methods [23] [24] [25] [26] [27] [28] . The main focus were their phase diagrams as well as technologically interesting compensation behavior with possibility to achieve zero total magnetization by tuning of temperature below the critical point. Most of the studies considered the simplest models consisting of two sublattices one of which is occupied with spins S = 1/2 and the other with S = 1. Such a mixed-spin model can be described by the Hamiltonian
where σ i = ±1/2 and S j = ±1, 0 are spins on different sublattices, i, j denotes the sum over nearest neighbors, J < 0 is a antiferromagnetic exchange interaction parameter and D is a single-ion anisotropy parameter. Negative values of the parameter D favor nonmagnetic states with S j = 0and positive values magnetic states with S j = ±1.
Due to persisting ambiguities majority of the investigations focused on the simplest lattices, i.e., the square in two and cubic in three dimensions. We note that a long standing controversy regarding the critical and compensation behaviors even for the most studied case of the model on a square lattice was solved only recently by Monte Carlo simulation that has convincingly shown 22 that there are neither tricritical nor compensation points, as had been suggested by some previous approximative approaches 6, 8, 9, 28 . On the other hand, in the same study the presence of both the tricritical point and a line of compensation points was confirmed in the three-dimensional model on a simple cubic lattice. This finding might suggest that the increased dimensionality is responsible for the appearance of the tricritical and compensation behaviors. Nevertheless, our recent study on a triangular lattice ferromagnet 29 demonstrated that the tricritical point can also appear in a two-dimensional lattice as long as the coordination number is sufficiently high.
We point out that the previous studies were performed on bipartite lattices, in which case the sign of the exchange interaction is irrelevant to the thermodynamic and critical properties of the model in the absence of an external field. On the other hand, the present mixed-spin model is considered on a non-bipartite triangular lattice, in which case the sign of the exchange interaction matters. Namely, in contrast to the ferromagnetic case, the ferrimagnetic interaction will induce geometrical frustration, which can be expected to have some impact on the critical behavior. As shown in Fig. 1 , the lattice consists of three sublattices A, B and C, occupied with spins S = (S A , S B , S C ). This allows to further study the model in two different mixing modes. We can consider a mixed-spin S = (1/2, 1/2, 1) model I, as schematically depicted in Fig. 1(a) , in which one sublattice is occupied with spin S = 1 sites and the remaining two sublattices with spin S = 1/2 sites. Thus, each spin-1 site is surrounded by z = 6 nearest neighbors with spin S = 1/2. The other way of the spin-mixing is realized in a S = (1/2, 1, 1) model II, shown in Fig. 1(b) , which is obtained when the spin-1/2 and spin-1 sites in the model I are swapped. The two models were shown to display qualitatively different critical behaviors even for the ferromagnetic exchange interactions 29 .
The goal of the present study is to examine effects of the geometrical frustration on the critical behavior of the above defined ferrimagnetic mixed-spin systems, to determine their phase diagrams and to confront them with their ferromagnetic counterparts as well as the pure spin-1/2 and spin-1 antiferromagnetic systems.
II. MONTE CARLO SIMULATION
In order to study the behavior of various thermodynamic quantities in the parameter space and to determine the phase diagrams we use Monte Carlo (MC) simulations with the Metropolis update rule and employ the periodic boundary conditions. We consider lattices with the size L × L, with L ranging from 24 up to 120. We perform N = 2 × 10 5 up to 10 6 MCS (Monte Carlo sweeps), the first 20% of which are used to bring the system to equilibrium and then discarded, and the remaining data are used to estimate thermal averages and statistical errors. The phase boundaries are roughly determined from the maxima of some thermodynamic functions, such as the specific heat, for a selected fixed value of L. We chose L = 48, as a compromise value above which the specific heat maxima positions do not change considerably and the phase diagrams can be determined in a relatively wide parameter space in a reasonable computational time. In the region where the critical line as a function of the single-ion anisotropy parameter D is more or less horizontal it is convenient to obtain temperature dependencies of the calculated quantities at a fixed value of D. In such a case simulations start from the paramagnetic phase using random initial configurations with the temperature gradually decreased and a new simulation starting from the final configuration obtained at the previous temperature. On the other hand, if the phase boundary shape changes to vertical we obtain variations of the quantities as functions of the single-ion anisotropy parameter D at a fixed temperature. Then simulations start from appropriately chosen states (i.e., not necessarily random), expected in the considered region of the parameter space. Following the above described approach we ensure that the system is maintained close to the equilibrium in the entire range of the changing parameter and thus considerably shortens thermalization periods. In order to estimate statistical errors, we perform three independent simulations at all considered parameter values. At some selected points of the phase boundaries we perform a more thorough finite-size scaling (FSS) analysis in order to determine more precisely the location of the critical points and the corresponding critical exponents. In such a case we perform more extensive simulations using up to N = 10
7
MCS and apply the reweighing techniques 30 . The critical points and the exponents are then extracted from the FSS analysis, using the linear sizes L = 24, 48, 72, 96 and 120.
We calculate the following quantities: the internal energy per spin e = H /L 2 , the respective sublattice magnetizations per site m X , (X = A, B or C), as order parameters on the respective sublattices, which for the model I are given by
and for the model II by
where · · · denotes thermal average. Based on the ground-state considerations (see below),
for the identified ordered phases we additionally define the following order parameters for the entire system, which take values between 0 in the fully disordered and 1 in the fully ordered phase. For the model I we introduce two order parameters (staggered magnetizations per site) m s1 and m s2 given by
and
For the model II we define the order parameter m s3 as
Unlike in ferrimagnetic systems on bipartite lattices, the three sublattices in the present system facilitate spin arrangements in such a way that the total net magnetization is always zero and, therefore, of no practical use. Further, we calculate the susceptibilities pertaining to the respective order parameters O = M X (X = A, B, C) and also O = M si (i = 1, 2 or 3)
the specific heat per site c c =
where N O is the number of sites on the (sub)lattice on which O is defined. Further, we define the logarithmic derivatives of O and O 2 with respect to β = 1/k B T ,
and finally the fourth-order Binder cumulant U O corresponding to the quantity O
For the FSS analysis we use the following scaling relations, applied to the maximum values of the following functions:
where ν O and γ O are the critical exponents of the correlation length and susceptibility, respectively, pertaining to the quantity O.
III. RESULTS

A. Ground state
Let us first identify all the possible ground states (GS) for entire range of the single-ion anisotropy parameter D. Considering the lattice system consisting of three interpenetrating sublattices A, B and C, as schematically depicted in Fig. 1 , the Hamiltonians of the respective models I and II can be defined as
Focusing on a triangular elementary unit cell consisting of the spins S A , S B , S C , from the
Hamiltonians (17) and (18) We note that while in FR Since the expected phase boundary is almost vertical to the x-axis, instead of the temperature dependencies of various thermodynamic functions it is more con- (Fig. 6(a)) and (−1.47, 0.35) (Fig. 6(b) ). In both case we can see discontinuous switching between two phases, however, in either point those phases are different. Namely, at (−1.487, 0. for D > D c , and the phase transition is second order complying with the standard Ising universality class. This is illustrated in Fig. 8(a) (Fig. 8(b) ) and FSS analysis (inset in Fig. 8(b) ) takes the value k B T c /|J| = 1.0635 ± 0.0015 and the cumulant curves for different L intersect at the universal value of U M s3 (T c ) = 0.611.
On approach to the critical value D c /|J| = −3/2 the phase boundary rapidly drops and becomes almost vertical. Therefore, in order to locate the critical temperatures in this region, it is more convenient to measure the physical quantities at a fixed temperature as functions of the parameter D/|J|. At sufficiently low temperatures the measured quantities show some properties typical for first-order phase transitions. Namely, as the anisotropy parameter D/|J| is decreased and increased at the fixed temperature the sublattice magnetizations, the order parameter m s3 and the internal energy show discontinuities at some values of D/|J|, as demonstrated in Fig. 9 for m s3 . Nevertheless, it is interesting to notice that, in contrast to the strongly hysteretic behavior of the model I at the transition between the two ferrimagnetic phases, no apparent hysteresis can be observed in the present model. Discontinuous character of the transition reflected in bimodality of the relevant observables, such as the internal partial LRO for some range of a single-ion anisotropy parameter at low temperature with quasi-LRO of the BKT type at higher temperatures 34 , in the present ferrimagnetic models the frustration is partially accommodated by different ferrimagnetic spin arrangements and thus their critical behavior is rather different from the pure systems. On the other hand, the net magnetization of both ferrimagnetic models is always zero and thus they can show no compensation points. Therefore, from this point of view, the behavior of the present mixed-spin models is typical for antiferromagnets rather than ferrimagnets.
As for the critical properties, the model I shows two ferrimagnetic phases FR is not evidenced in the ferrimagnetic one.
